ABSTRACT. We give an application of the Crandall-Rabinowitz theorem on local bifurcation to a system of nonlinear parabolic equations with nonlocal reaction and cross-diffusion terms as well as nonlocal initial conditions. The system arises as steady-state equations of two interacting age-structured populations.
INTRODUCTION
In this note we consider coexistence solutions to age-structured population dynamics with diffusion, the main feature of the present work being the inclusion of nonlocal cross-diffusion terms. More precisely, we shall establish positive nontrivial solutions u uÔa, xÕ, v vÔa, xÕ to the system
for a È Ô0, a m Õ, and x È Ω, subject to the nonlocal initial conditions uÔ0, xÕ ηU , x È Ω , for the function u defined on J : Ö0, a m × and analogously for the function v. Equations (1.1)-(1.7) arise naturally as steady-state (i.e. time-independent) equations of two age-structured populations with densities u and v, respectively, and maximal age a m 0 living in a (bounded and smooth) domain Ω R n , where a is the age and x is the space variable. The integrals with respect to age in (1.1) and (1.2) are (weighted) local total populations with a given nonnegative weight function ω. The divergence terms in (1.1), (1.2) describe spatial movement with nonlocal coefficients d j . They reflect intrinsic dispersion as well as an increase of dispersive forces by repulsive or attractive interferences with an increase of the other population. We refer to [12] for a derivation of such kind of models (without age-structure). The right hand sides of (1.1) and (1.2) take into account intra-and inter-specific interactions of the two populations with constants α, β 0 and functions µ j depending nonlocally on the population densities. Creation of new individuals is described by (1.3), (1.4) with birth profile b and parameters η, ξ measuring the intensity of the fertility. We reference to [18] and [15] for further information on the modeling assumptions. To avoid unnecessary notational complications, the equations above are stated as a simplified version of more elaborate models, and we remark that the subsequent analysis would not change in any way if one would allow for e.g. different weight functions, different birth rates, or different maximal ages for the two populations.
In this note we give an extension of previous results [15, 16, 17] being described in more detail in the next section. Steady-states for a single age-structured populations were investigated e.g. in [8] . We shall also point out that steady-state solutions for two interacting populations when age-structure is neglected, i.e. variants of the elliptic counterparts of (1.1)-(1.2), have attracted considerable interest in the past, see for example [3, 5, 7, 9, 10, 11, 13] and the references therein.
NOTATION AND MAIN RESULT
The main features of the equations under consideration are the nonlocalities appearing in the diffusion and reaction terms as well as in the initial conditions. Similar equations with local reaction terms (i.e. µ 1 ÔvÕ α 2 v, µ 2 ÔuÕ ¨β 2 u with α 2 , β 2 0) have been investigated in [15, 16] for the parameters η and ξ for which (1.1)-(1.7) have coexistence solutions, i.e. smooth solutions Ôu, vÕ with both components nontrivial and positive. Establishing positive steady-state solutions is a first step toward an understanding of (time-dependent) two population dynamics. To this end, we assume throughout the paper that
for some δ 0. For an easier reference in the future we suppose that where λ 1 0 denotes the principal eigenvalue of ¡∆ x on Ω subject to Dirichlet boundary conditions. For technical reasons we introduce L q : L q ÔJ, L q ÔΩÕÕ and the solution space 
ÞØ0Ù.
On taking v 0, our assumptions imply that we get from (1.1)-(1.7) a reduced problem with a nonlocal initial condition of the form there is a unique solution u η È W q depending smoothly on η and u η Wq as η . Parabolic regularity theory implies that u η is smooth with respect to both a È J and x È Ω.
In the following we shall consider the situation that η 1 is given. We then regard ξ as a bifurcation parameter and write Ôξ, u, vÕ for solutions to (1.1)-(1.7). The considerations above guarantee the existence of a semi-trivial branch of solutions
On applying the famous Crandall-Rabinowitz theorem on local bifurcation, we derive the existence of a local branch of coexistence solutions bifurcating from the semi-trivial branch T 0 . More precisely, we have: Ôξ, u, vÕ Ôξ, u η ¡ w, vÕ, which we then obtain as the zeros Ôξ, w, vÕ of the function
where F Ôξ, w, vÕ : 
with dashes denoting derivatives, and
where we use here and in the following notation (1.7) for Ôφ, ψÕ È W q ¢ W q .
(i)
We shall show that F Ôw,vÕ Ôξ, 0, 0Õ is a Fredholm operator of index zero for ξ 0. To this end we introduce operators have maximal L q -regularity. We also introduce 
it is readily seen from the triangular structure of A that the operator a A, γ 0¨È LÔE 1 , E 0 ¢ E ς Õ has a bounded inverse, say,
we obtain from a straightforward modification of [14, Lem.2 
s indeed a Fredholm operator of index zero. In fact, defining
QÖξ×w : ℓÖξ×ÔT Ô0, wÕÕ , w È E ς , and observing that QÖξ× È LÔE ς , E 1 Õ is a compact operator on E ς into itself due to the compact embedding
both spaces being closed with
(ii) We now choose ξ 0 0 such that kerÔLÖξ 0 ×Õ is one-dimensional. First observe that, owing to the parabolic maximum principle (e.g. see [6, Cor.13.6] ), the semigroup Øe ¡aA3 ; a 0Ù on L q generated by ¡A 3 is such that e ¡aA3 È LÔW 
into itself by (2.8), and that G 1 is strongly positive by (2.5) since this is true for each U 1 Ôa, 0Õ, a È Ô0, a m ×, see [6, Cor.13.6 ]. Next we claim that 1 ¡ ηG 1 is invertible. Indeed, owing to the positivity of u η , the evolution operator U 2 Ôa, σÕ on L q generated by A 1 ¡αu η ¡∆ x αu η (subject to Dirichlet boundary conditions) is such that U 2 Ôa, 0Õ ¡ U 1 Ôa, 0Õ is strongly positive on W 2¡2ßq q,D for a È Ô0, a m × by the parabolic maximum principle, whence G 2 ¡ G 1 is strongly positive due to (2.5), where G 2 :
Therefore, rÔG 2 Õ rÔG 1 Õ by the Krein-Rutman theorem [1, Thm.3.2] . Recall then that (2.9) implies u η ÔaÕ U 2 Ôa, 0Õu η Ô0Õ with u η Ô0Õ ηG 2 u η Ô0Õ and so rÔηG 2 Õ 1 again by the Krein-Rutman theorem since u η Ô0Õ is strictly positive. Consequently, 1 ¡ ηG 1 is invertible. Consider now the equation
and a φ A 1 ÔaÕφ ¡ÔA 2 ψÕÔaÕ , a È Ô0, a m × , φÔ0Õ ηΦ .
From (3.2) we deduce ψÔaÕ e ¡aA3 ψÔ0Õ with ψÔ0Õ ξ 0 HψÔ0Õ, whence ψÔ0Õ ζΨ 0 for some ζ È R since 1 is a simple eigenvalue of ξ 0 H with eigenvector Ψ 0 , and so ψ ζψ ¦ with ψ ¦ ÔaÕ : e ¡aA3 Ψ 0 .
From the first part of (3.3) it then follows that
which, when plugged into the initial condition φÔ0Õ ηΦ, yields φÔ0Õ ζΦ 0 , where
Thus, setting
(iii) Next, we check the transversality condition of [4] , that is, we show that
Supposing otherwise, there is ψ È W q such that a ψ A 3 ψ 0 , a È Ô0, a m × , ψÔ0Õ ¡ ξ 0 Ψ ¡Ψ ¦ , and we easily derive Ô1 ¡ ξ 0 HÕψÔ0Õ ¡Ψ ¦ . Since
we may choose κ 0 sufficiently large such that respectively. Therefore, making ε 0 smaller, if necessary, we derive from (1.1), (1.2), and the parabolic maximum principle that T : ØÔξÔεÕ, u η ¡ εφ ¦ ¡ εζ 1 ÔεÕ, εψ ¦ εζ 2 ÔεÕÕ , 0 ε ε 0 Ù is a curve of solutions to (1.1)-(1.7) in R ¢ W q ¢ W q bifurcating from Ôξ 0 , u η , 0Õ È T 0 .
(v) Finally, if Ôξ, u η , 0Õ È T 0 is any bifurcation point to positive coexistence solutions of (1.1)-(1.7), there is a sequence Ôξ j , u j , v j Õ in R ¢ W q ¢ W q of solutions to (1.1)-(1.7) converging to this point. Since solutions to (1.1)-(1.7) are smooth by standard parabolic regularity theory, it is not difficult to see that a subsequence of ψ j : v j ß v j Wq converges to some ψ È W q satisfying a ψ A 3 ψ 0 , a È Ô0, a m × , ψÔ0Õ ξΨ , what readily implies ξ ξ 0 since ψÔ0Õ ξHψÔ0Õ, i.e. rÔξHÕ 1 by the Krein-Rutman theorem. Thus (ξ 0 , u η , 0Õ is the only bifurcation point on T 0 . This proves Theorem 2.1.
